Pion-Nucleon Scattering Equations
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Kinematics
N(p) + n(qg) —> N(p') + n(q') , where p? = 77+ M? and q> = ?]’2 +m? where (c = 1).
Masses:
M; = initial nucleon; M; = final nucleon; m; = inital pion; m, = final pion.
m.— = 139.570 MeV, mo = 134.977 MeV, M, = 938.272 = 6.7212m.— , M,, = 939.566 .
R Sy A - 7 =
Center of Momentum System: 5 +¢ = p'+¢' = 0. Thus, p -p' = |P| ‘p ‘cos@cm

http://skisickness.com/2010/04/25/:

Four-momentum squared is invariant:

Lab system:

s=w+W)’?-B+9) - (B+9) =m+T+M)* - [(m+T)* - M?*]

s = (m+M)*+2MT

CM system:

2 - - -
s=W+ W)= (Jk2+m2 + Jk2+M2> = s|becausep’' = -P' = k .
k= \/ (s—mz—M2>2—4m2M2 _ I:(m+M)2+2MT—m2—M2:|2—4m2M2 B 4MPT(T+2m)
B 4s - 4 (m+M)2+2MT ] ~ A 4[mm)22mT]
_ T(T+2m)
k= MQ/ (m+M)*+2MT

[(m+M)? +2MT — m? — M?]* — 4m>M? = 4TM*(T + 2m)
(m+T+M)* - [(m+T)*-M*]

s=W? = (Jk2 +m? + Jk2 + M? )2 , Solution is:

k= L J53 1 M*s + mbs — 2M2s% — 2m%s2 — 2MPm?s = ‘/ 2 M +m*—2M25-2m>s-2M*m*
2s

4s
k = “/ (s—m2—M2>2—4sz2

4s

because
(s —m? — M?)* —dm>M? = M* + m* + s2 — 2M?%s — 2m>2s — 2M*m?

Pion Momentum and Energy as Functions of the Total Energy W
k = ‘/ (s—mz—M2>2—4m2M2 _ ‘/ <W2—mZ—M2>2—4m2M2

4s 4w?

or [k = 5 J[IW? = (M +m)? JTW? = (M= m)*] = - [W* = 20M2 + m?)W? + (M? - m?)’

because
[W2 = (M +m)* [[W2 = (M —m)*] = W* = W[ (M + m)* + (M —m)* ] + (M* — m?)



= W — 2W2(M? + m?) + (M? - m?)?

(W2 —m? = M%) — 4m>M?* = M* + m* + W* — 2M2m> — 2M>W? — 2m>*W?

and

W* = 2(M? + m))W? + (M? = m?)> = M* + m* + W* = 2M>m? = 2M>W? — 2m>W>.

22— M2 2 am2 M2
q= Jm? +k* = ‘/m2+ Weom TWB M ﬁ‘/4m2W2+(Wz—mz—M2)2—4sz2

2w

or q:ﬁ‘/wﬁ*_z(Mz—mz)WH(Mz—mz)z = -L[W? — (M? — m?)] | because

AmPW2 + (W2 —m? — M2)? — 4m2M? = M* + m* + W* = 2M2m? — 2M>W? + 2m>W?
and

W4 = 2(M? = m)W? + (M2 —m2)? = M* + m* + W* — 2M2m? — 2M>W? + 2m2> W2,
WP =W=gq = 55 [W+ (M —m?)]

Threshold

(Zi Mi)z_(Mi+MT) .

Threshold lab kinetic energy: Ey = i

Threshold c.m. momentum: ko = My | —-0Ee2MD)__
(M7+M;)“+2MTE)

n+p - 2n°+n: Ey=1.14998 = 160.503 MeV;ko = 1.47644
nt+p - 1%+ nt+p: Ey = 1.180505 = 164.7633 MeV;ko = 1.49905

The mass m' of a particle produced along with a nucleon of mass M:

m = —M+ ‘/(M+ 1)?=2(M k) +2,/ (M~ k3)” + K3 (M + 1)°

in units of the incident-particle mass.
Resonances

A 2(W-W, )+, 4(W-W,)24T2 +i 4(W=W,)24T2 ,where |I' = Tc + .
I, = k2€+lreo and I'; = (k— ki)zoﬂrio fork > kin

ReA:_w and ImA:L
4(W-W,)2+T? 4(W-W,)2+T?

W, 3
r, = MWW (kr)

WOV, e ) and

More generally for the P, partial wave:

[rin(k_kin)]3
n ym 1+["in(k—kin)]2 for k z kln

Basic Equations

Total Cross Section

or = “LImf(0) where, for z* :

7= A _ 6582118991071 eves e 6.58211899x10716(2.99792458x10%")
=4 = =

139.527018 ¢ MeV 139.57018

c
6.58211899x10710 (2.99792458x10% )
134.9766

=1.4619 x 10~ m for n°.

x 1073 MeVos /s — 1. 4138 x 10712



Differential Cross Section for Unpolarized Target
a(0) = If(0)1* +1g(0)1* where 6 is the c.m. pion scattering angle.
Recoil-Nucleon Polarization for Unpolarized Target

I]’:i"zl , k incident pion c.m. momentum and k' final pion

P(0) = ——ZIm[’:Ez;g(e)] 7 where 71 =

c.m. momentum.

Differential Cross Section for Polarized Target

a(0) = If(0)1* +1g(0)1* — 2Im[f*(9)g(0)](7 - P;) where P; is the initial target polarization.
Recoil-Nucleon Polarization for Polarized Target

PA0) = - 2Im[f*(0>g(9)]ﬁ—2Re[f*(@)g(e)](ﬁxl’i)+(V(0;|(;+)lg(9)|2)(ﬁ-Pi)ﬁ—(vw)P—lg(@)P)[ﬁx(ﬁxPi)]
Nonspin-Flip Amplitude

ﬂm
f0) = % Z[(@ + 1)Aun + (A_]P(cos @) where (,, is the maximum value of the angular

(=0
momentum ( used in the analysis.

Spin-Flip Amplitude

Um

g(0) = £ D [Aw —Ac]P{(cosb)

=0

Partial-Wave Amplitude

A = 3-[nexp(2id) — 1] where 6. is the phase shift and 7. is the absorption
parameter for scattering in the states with total angular momentum j = (+1.
Therefore,
ReA = 17sin26
ImA = 5 (1 —ncos25)
tan26 = 2Rl

n? = (2ReA)? + (1 —2ImA)?

Observable Amplitudes in Terms of Isotopic-Spin Amplitudes

L=AD AL = (A +241)) and Ag - @(Aﬁ’ — A where the superscripts have

the following meanings:
+: mt+p->nt+p
- m4+p->7w +p
cx: n4+p->n+n
3): T =
(1) T=

= fw



