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Introduction 

 A contravariant vector is one which transforms like  where x
dx

v
d


 


 are the coordinates of a particle at its 

proper time .   , , , contravariant spacetime .x ct x y z     

 A covariant vector is one which transforms like 
d
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
    , where    is a scalar field. Note the placement of 

the index being upper for a contravariant vector and being lower for a covariant vector.
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 A repeated index implies summation; e.g., 
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 The tensors described below are of rank 2 because they are related to the spacetime vector,  , , ,r ct x y z   , 

a tensor of rank 1. A rank-2 tensor can be represented by a 4x4 matrix. 

 Coordinate time = time between two events as measured by an observer’s clock. 

 Spacetime Metric Equation = 
2 2 2 2 2 ' 'ds dt dx dy dz dx dx dx dx   

          is invariant for all 

inertial reference frames (IRF); it is equivalent to the Pythagorean Theorem in plane geometry.  

o Spacelike if ds2>0;  Lightlike if ds2=0;  Timelike if ds2<0. 

 Proper time = time as measured on a time-like world line by a clock moving along that line. 

2 21 .d ds dt v d       

  and A=A A.A B A A 

    

 Kronecker Delta: 
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 Coordinate Basis: u, v, w & ; eu is tangent to w curve increasing u; ew is tangent to w curve increasing w. 

o u we e  may be nonzero; eu may not have unit length; eu may change in magnitude or direction. 

o 
2; ; ; metric tensor.A A e ds dx e ds dx dx e e g dx dx g     

           

o ' '' ' ; ' ' ; ' ; ' .dx x dx A x A A x A x x           

               

o 
2

' '' ' ' ; '  and ' ' ' .ds g dx dx g dx dx g x x g g x x g       

                  
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o Inverse metric tensor: '' ; ' ' ' .g g g g g x x g      

           

Tensors 

 

 
... ...

... ' ' ...' ' ... ...T x x x x T     

           

 

1. An index that is repeated twice within the same term, and where one instance is upper and the other lower, is 

to be summed over. 

2. A repeated index must not occur more than twice within a single term. 

3. Any index that is not repeated must occur in the same position (up or down) in all terms in an equation. 

(Exception: it’s allowed to set a tensor expression to zero.) 

4. Any repeated (otherwise known as ’dummy’ or ’bound’) index may be renamed to any other symbol, provided it 

doesn’t violate any of the other rules. 

5. Any single (otherwise known as ’free’) index may be renamed to any other symbol, provided that symbol also 

occurs once only in each term.  



Natural Units in General Relativity 
 

 

 

 

 

 

Special Relativity 

 

   

   

' ' '

' ' '

' '

' '

t t x t t x

x t x x t x

y y y y

z z z z

   

   

   

    

 

 

 where
2

1
 and .

1

V

c
 


 


  

 

 

Rotation in Newtonian space x-y plane:  
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Rotation in SR (t,x) space: 
2
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Note that 
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https://en.wikipedia.org/wiki/Natural_units#Planck_units
https://en.wikipedia.org/wiki/Natural_units#Planck_units


Velocities transform as: 
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For a constant force, see https://xphysics.wordpress.com/2010/11/07/relativistic-acceleration-due-to-a-constant-force/. 

For other forces, see http://www.reed.edu/physics/courses/Physics411/html/page2/files/Lecture.11.pdf. 

Spherical Coordinates 

[  

 sin cos , sin sin , cos .x r y r z r        

Unit Vectors 
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Line Element 

 2 2 2 2 2 2 2 .c d c dt dr d d        

Parabolic Coordinates 
2

2

( , ) ; ( , ) , constant.

( , ) ; ( , ) .
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   

  
  

https://en.wikipedia.org/wiki/Velocity-addition_formula
https://xphysics.wordpress.com/2010/11/07/relativistic-acceleration-due-to-a-constant-force/
http://www.reed.edu/physics/courses/Physics411/html/page2/files/Lecture.11.pdf
https://en.wikipedia.org/wiki/Spherical_coordinate_system
https://en.wikipedia.org/wiki/Unit_vector
https://en.wikipedia.org/wiki/Line_element


Four Vectors 

4-Displacement:  , , ,ds dt dx dy dx  

 4-velocity: / / , / , / , / , , , .t x y zu ds d dt d dx d dy d dz d u u u u u             

Transformation to a new IRF: 
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Scalar Product of 4-vectors 

 2 & A .t t x x y y z z t t x x y y z zA B A B A B A B A B A A A A A A A A A A              

2 2 2 2 2.ds ds ds dt dx dy dz        

3-Velocity 

Since
2 2' 1 /d dt ds dt v dt       , , , , 1, , , &  1 0-mass 0 .t x y z

x y zu u u u u v v v u u u u              

 , , , , / ;  For 1: 1, , , ,  for 0 : 1,0,0,0 .x y z t

x y z x y zv v v v u u u u v u v v v v u              

2 21 '' 1 '
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4-momentum 

 2 2, , , 1, , ,  & 0 mass: 0 .t x y z

x y zp mu p p p p m v v v p p m u u m p p                

 For 1: , , .x y z

x y zv p mv p mv p mv    4-momentum is conserved. 

Relativistic Energy and Momentum 

Relativistic energy:   2 2 2;  Relativistic momentum:  , , ; ; / .t

y zE p m p p p p mv E p m v p E          

For 
2 2 41: / 2 ...; 1 / 2 3 / 8 ...v E m mv v v        

Define kinetic energy:  1E m K m K m       . 

4-momentum of Light 

1, , , ,  as well as for all objects.x y zp E v v v     Photon rest mass = 2 2 21 0 since 1.m E p E v v       

Energy in Observer’s Frame:   1 0 .t t

obsp u p p p E            

Since the scalar product is IRF independent, it can be calculated in any IRF.   



Einstein General Relativity Equation 

 
4

8 G
G g T T

c
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    , where 

1
 Einstein tensor,  cosmological constant,  metric tensor,

2
G R Rg g          

 Newton gravitational constant,  stress-energy tensor, = Ricci curvature tensor,G T R R R

        

;

, = Ricci curvature scalar ,

= Riemann curvature tensor ,

1
, ,
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where  
1

 Christoffel symbol = .
2

g g g g 

            

Riemann Curvature Tensor Properties 

 

 ; ; ; ;

, .

0 = First Bianchi Identity . .

0 = Second Bianchi Identity

R R R R R

R R R R

R R R R

    

    

        
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Conservation of four-momentum: 0 0  if constant.T G 

         

The cosmological constant can be moved to the right side as the vacuum stress-energy tensor: 

 

4 2
2 26 3 7 3 where vacuum energy density = 0.7 10 / 10 kg/m .

8 8
vac vacvac

c c
T g c g kg m

G G

   
 

  
       

Then:    8 8 ; Alternate: 8  where .vac all all allG G T T GT R G T g T T g T T        

           

Note:  
1 1

4 / 8 .
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Einstein equation is 10 nonlinear, usually coupled, 2nd-order differential equations to solve for the metric! 

Symmetry with regard to coordinate changes   conservation of energy and momentum (Noether’s Theorem). 

Alternate Form of Einstein’s equation: 
1

.
2

R T g T g   
 

   
 

  

https://en.wikipedia.org/wiki/General_relativity


Spherical Surface of Radius R 
2 2 2 2 2 2

2 2 2 2

sin sin cos , cot , other 0

sin ,  other 0, 1, sin , 0, 2 /
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Christoffel  Symbol Properties 
 Has 4x4x4 = 64 symbols 

 Symmetric: 
 

    ; therefore 40 independent symbols, but only 10 are unique 

 Unique symbols are tt, tr, t, t, rr, r, r, , , . 

 0 for .

        

1

2

2
1 .t t

rt tr

GM GM

r r



 
     

 
  

Covariant/Absolute Derivative 

Curvilinear coordinate system unit vectors change over space: e e

      .  

Vector A:         .dA d A e A dx e A e dx A A e dx A e dx          

                   

Covariant or absolute derivative:  , ; .AA A A 

 

  
      , ;Covariant vector: .A A A A

            

Tensor of rank 2:  

Tensor of rank 3: .T T T T T       

                

Solving for the Metric 
1. Use symmetry to define a coordinate system as completely as possible. 

2. Set up a trial metric with as few undetermined coefficients as possible. 

3. Substitute the trial metric into the Einstein equation. 

4. Solve the resulting differential equations for the unknown metric components. 

Spherical Symmetry 

Trial metric:      2 2 2 2 2 2 2, , sin .ds A r t dt B r t dr r d d        

The result is the Schwarzschild metric given below. 

https://en.wikipedia.org/wiki/Christoffel_symbols
http://eagle.phys.utk.edu/guidry/astro616/lectures/lecture_ch16.pdf


Empty-Space Metric 

 

2
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g
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
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 
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 where 
2 2 2 2 2 2dr dr dr c dt dx dy dz

       . 

Equation of Motion/Geodesic 

The equation of a “free” particle follows a “straight line” in curved space whose curvature is caused by the presence of 

energy/mass. Such a “straight line” is called a geodesic. A “free particle” is free of non-gravitational interactions. 

The geodesic equation or equation of motion for a particle with rest mass in a local inertial frame is 
2

2
0 .

d x dU

d d

 

 
   

In another frame:  

0 .

Multiply by  and change  to :

0

dU d x x dU d x x dU x dx x dU x
U U U U U

d d x dx d d x dx d x x d dx d x x
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x x dU x
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1
where  and .
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dU dU d x dx dx
U U U U U

d d d d d

g ggx x x x x x
g

x dx x x x x x x x x x

    
        

   

     
    

           


    



 
          

 

          
         

           

  

 
2

2 2 2 2 2 2 2

2
 where c = .

d x dx dx
d c dt dx dy dz dx dx

d d d

  
  

  
  

           proper time. 

This can be rewritten in terms of observer’s time coordinate, 
2

0 0

2
:  .

d x dx dx dx dx dx
t x

dt dt dt dt dt dt

     


      

If the particle’s velocity is small the equation reduces to  
2

002
 where 1,2,3 .

n
nd x

n
dt

    

Other forms of the geodesic: 

1
0 .

2

d dx dx dx
g g

d d d d

  

  
   

 
   

 
 

2

2

1
.

2

d x
g g g u u

d


  

   


 
     

 
 

For free space:  diagonal 1,1,1,1 .g    So, 0; then 0 constant.
d dx dx

g g g
d d d

 

   
  

 
     

 
 

https://en.wikipedia.org/wiki/Geodesics_in_general_relativity
https://en.wikipedia.org/wiki/Proper_time
http://pages.pomona.edu/~tmoore/grw/Resources/GRWBook.pdf


So, the velocity is constant, as it should be for free space (except for the object being considered).  

Newtonian (weak-field) Limit 

Conditions 
1. Particle velocity is small compared to c. 

2. Gravitational field is weak; a small perturbation of flat space. 

3. Gravitational field is static, constant in time. 

Condition 1 requires that .
idx dt

d d 
 This reduces the geodesic equation to 

22

002
0.

d x dt

d d




 

 
  

 
  

Condition 2 requires that  for 1, =h ; g =  where = .g h h h h h h     

             

Condition 3 yields 00 00

1
.

2
g g 

     

Then 

22

00 00 002

1 1
 and .

2 2

d x dt
h h

d d


  

  
 

 
       

 
 

Since 
2

0 00 2
0 then 0 and  constant.

d t dt
h

d d 
     Since 

2

002

1
 3x3 identity matrix: .

2

i

ij i

d x
h

d



    

This corresponds to the Newton gravity equation if  2

00 002  and 2h g c       . 

For a point particle or outside a spherical mass M:   .
M

r G
r

    

Metric is 2 2 22 2
1 1 .

GM GM
ds dt dr

r r

   
       

   
 (Schwarzschild metric to first order.) 

Correction to Force of Gravity 
2

2 2 2
Newton: ;  General Relativity: 1 .

The correction is ~2 parts per billion!

The correction for the oblateness of the Earth is ~1 part in a thousand,l

a million times the GR corre

GmM GmM v
F ma F

r r c

 
    

 

ction.

However both corrections are important for GPS positioning.

  

Newtonian limit of cosmological constant 
Work by Nowakowski shows that the cosmological constant in the Newtonian limit corresponds to 

   
 2

2

1
r  or a force on mass m is .

6 3

d rM mM m
r G F r m G r

r dr r


            

https://ned.ipac.caltech.edu/level5/March01/Carroll3/Carroll4.html
https://arxiv.org/pdf/gr-qc/0004037.pdf


A cosmological constant adds in a repulsive gravitational force, which could be the cause of an expanding universe.  Of 

course, the repulsive force has to be very small for r of solar-system size. 

 

  

http://www.roperld.com/science/acceleratinguniverse.pdf


Spherical Body of Mass-energy M (Schwarzschild Metric)(no charge or spin) 

 

2

1

2

2 2

1 0 0 0

,0 1 0 0

0 0 0

0 0 0 sin

s

s

r
c

r

r
g

r

r

r







  
   

  
  

   
  

 
 
  

  

where 
2

2
s

GM
r

c
   Schwarzschild radius. ( 0  flat spacetime.sr   ) 

“The Schwarzschild radius (sometimes historically referred to as the gravitational radius) is the radius of 

a sphere such that, if all the mass of an object were to be compressed within that sphere, the escape velocity from 

the surface of the sphere would equal the speed of light. If a stellar remnant were to collapse to or below this radius, 

light could not escape and the object is no longer directly visible outside, thereby forming a black hole.” 

1

2 2 2 2 2 2 2 2 2

A more compact way to write it is:

1 1 sin .s sr r
ds c dt dr r d r d

r r
  



   
         

   

  

“The Schwarzschild radius of the Earth is roughly 8.9 mm, while the Sun, which is 3.3×105 times as massive has a 

Schwarzschild radius of approximately 3.0 km. Even at the surface of the Earth, the corrections to Newtonian gravity 

are only one part in a billion. The ratio only becomes large close to black holes and other ultra-dense objects such as 

neutron stars. The Schwarzschild metric is a solution of Einstein's field equations in empty space, meaning that it is valid 

only outside the gravitating body. That is, for a spherical body of radius R the solution is valid for r > R. To describe the 

gravitational field both inside and outside the gravitating body the Schwarzschild solution must be matched with some 

suitable interior solution at r = R, such as the interior Schwarzschild metric.” 

Interior Schwarzschild Metric 
2

22

3

1
2

3

2

2 2

3 1 1 0 0 0
4

,
0 1 0 0

0 0 0

0 0 0 sin

s s

g g

s

g

r r rc

r r

r rg

r

r

r







  
     

  
  

        
 
 
 
 

 

where 
2

2
s

GM
r

c
   Schwarzschild radius and gr r  coordinate at the body’s surface measured at . 

Assumed that it holds an incompressible fluid of constant density, 34
/ ,

3
gM r




 
  

 
 with zero pressure at the surface. 

It matches the Schwarzschild Metric at r=rg.

https://en.wikipedia.org/wiki/Schwarzschild_metric
https://en.wikipedia.org/wiki/Schwarzschild_radius
https://en.wikipedia.org/wiki/Escape_velocity
https://en.wikipedia.org/wiki/Speed_of_light
https://en.wikipedia.org/wiki/Compact_star
https://en.wikipedia.org/wiki/Black_hole
https://en.wikipedia.org/wiki/Black_hole
https://en.wikipedia.org/wiki/Neutron_star
https://en.wikipedia.org/wiki/Einstein%27s_field_equation#Vacuum_field_equations
https://en.wikipedia.org/wiki/Interior_Schwarzschild_metric
https://en.wikipedia.org/wiki/Interior_Schwarzschild_metric


Schwarzschild Geodesic Equation (Equation of Motion) 

The geodesic equation is 
1

0 .
2

d dx dx dx
g g

d d d d

  

  
   

 
   

 
 Note that g is time independent and diagonal, so 

2
2

2

1
0 .

2

d x dx
g g

d d

 

  
 

 
    

 
 

Time Component (= 1, x1 = t) 

 
2

2

11 112

2
0 1  constant.

d t dt GM dt
g g c e

d d r d  

 
       

 
  

This e is the relativistic energy per unit mass as measured at  : 

2 1
2At , ; object's 4-velocity at .

dt c p dt
r e c

d m d 
       

Clock at rest ( 0dr d d    ):

2 2

1 1

22 2 2
Proper-time interval 1 1 1 .

t t

t t

GM GM GM
d ds dt dt t

r r r
  

     
                  

     
     

Gravitational red shift: 

 22

1 2 / 2 2
For : 1 1 1 1 .

1 2 /

L L

L
S S

r rL

L S L s
GM r r r

r L S S L s rS

GM r GM GM GM GM GM
r r r r

r r r r rGM r

 

   

   
             

   
  

 Component (= 4, x4 = ) 

1
0 .

2

d dx dx dx
g g

d d d d

  

  
   

 
   

 
 

g is  t and   independent and diagonal, so 
2

2 2

2
0 sin constant.

d d d
g g r

d d d
 

  


  
       

Choose spherical coordinates such that the orbit is on the equator; i.e.,  and sin 1.
2


    

Then 2 2  relativistic angular momentum/unit-mass.z

d L
r r

d m





      

  

https://warwick.ac.uk/fac/sci/physics/current/teach/module_home/px436/notes/lecture15.pdf
http://pages.pomona.edu/~tmoore/grw/Resources/GRWBook.pdf


 Component (= 3, x3 = ) 
2 2

1 1
0 .

2 2

d dx dx dx d d d d
g g g g g

d d d d d d d d

  

      

  

       

        
              

         

 

Or 

2 2 2

2 2 2 2 2 2 21 1
0 sin sin .

2 2

d d d d d d d
r r r r r

d d d d d d d
 

    
 

      

            
                  

               

 

Or 
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2 2

2
0 2 sin cos .

d dr d d
r r r

d d d d

  
 

   

 
    

 
 

Note that  and cos 0
2


   is a solution to this equation. So, 0

d

d




  means that the orbit is planar. 

r Component (= 2, x2 =r ) 
2

2

2

1
0 .

2
rr r

d r dx
g g

d d




 

 
    

 
 All metric components depend on r. 

Easy way: Use 2 22
1 , 1 ,  sin  and ( ) :

2

GM dt d
u u g u u e r planar

r d d

 



 
 

 

 
        

 
 

2 2 2 2

1 tt rr

dt dr d d
g g g g

d d d d
 

 

   

       
            

       
 

2 1 2 2 2

2 2 22 2
1 1 sin

GM dt GM dr d d
r r

r d r d d d

 


   



          
                 

          
 

1 1 2 2
2

2

2 2
1 1 1 .

GM GM dr
e

r r d r

 

     
         
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The solution is  
2 2 2

2

2 3

1 1
 or 1 .

2 2 2

dr GM GM
E K V e

d r r r

 
       

 
, 

Where 

 2

2

2 2

2 3

1
1 effective conserved energy per unit mass,

2

1
effective radial kinetic energy per unit mass and .

2

effective potential energy per unit mass
2

E e

dr
K

d

GM GM
V

r r r



  

 
  

 

    

 

The last term in V  is not in Newtonian gravity. 



 

Circular Motion: 

  2 2 2 2

2 3 2 3 4

2 2 2

3
0 .

2

1
Let 3 0. Solve quadratic for :

c c c

c c

c

dV r d GM GM GM GM

dr dr r r r r r r

w GM w w GM w
r

  
         

 


    


 

 
2

1 6
,

1 1 12 /
c

c

GM
r

w GM
  

 

 2 circular orbits, one stable (+) and one unstable (-). (Newtonian: cr
GM

 ). 

Stable orbits: 6 ;r GM  Neutron stars: 5 ;r GM  Black holes: 0.r   

Radial Acceleration: 

Do  on 
d

d
  

2 2 2
2

2 3

1 1
1

2 2 2

dr GM GM
e

d r r r

 
      

 
 

2 2 2

2 2 3 4

3
;r

d r GM GM
a

d r r r
      Newtonian has only the first two terms.  Radial motion 0 : / .ra GM r    

Radial Distance  0 :dt d d     

1

2

2 2
1 2 tanh 1 ln .

1 2 /

L

L

S

S

r

r
L

L S
r GM r

Sr

rdr GM GM
s ds r GM s r r GM

r r rGM r





 
            

  
   

4-velocity of Object at Rest 

1/2 2
2

2

2 2
1 1 1 ;  GE: .t t

tt

GM GM d r GM
u u g u u du u

r r d r



   
              

   
 

  



 

Photon Motion in Schwarzschild Space 
For  a photon: m0=0 and ds2=0, so use m0 equations in combinations that are well defined for m0: 

Define impact parameter = 
 

  

12

2 2
/ 2

1 ;  flat spacetime: .
1 2 / /

r d d GM d d
b r b r

e GM r dt d r dt dt

   





 
     

  
  

Photon Radial Motion (in =/2 plane):

1

2 2 2 2 22 2
0 1 1 .

GM GM
ds dt dr r d

r r




   
         

   
  

Divide by 22
1

GM
dt

r

 
 

 
: 

1 2 1 2 2 2 2
2

2

2 2 2 2
1 1 1 1 1 ,

GM dr GM d GM dr b GM
r

r dt r dt r dt r r


  

             
                    
             

 

using the d/dt equation above. Divide both sides by b2: 

2
1

2 2

1 1 2 1 2
1 1 .

GM dr GM

b b r dt r r

    
       
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 Flat spacetime:  
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Schwarzschild Metric with Cosmological Constant   
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Then 
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Relativistic Energy = .
3

GM r dt
e

r d

 
   
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1 1
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 
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Putting the cosmological constant, , in Schwarzschild metric changes V :  
2 2

2 2

2 3
.

2 6

GM GM
V r

r r r


       

Black Holes 
A Black Hole is an object that does not have a surface outside of 2GM. 

 

Event Horizon 
A spherical surface with the Schwarzschild radius, rs=2GM, is also called the Event Horizon. Any object inside cannot 

escape because the escape velocity would have to be greater than the speed of light. 

Black Hole Density 

Inside the Event Horizon the density is 

 
33 3 3 2 2

3 3 3 3
.

4 / 3 4 32 84 2s s s

mass M M M

volume r r G M GrGM
 

   
        

The larger or more massive the black hole the smaller the density. 

http://physicspages.com/pdf/Moore/Moore%20Problems%2023.03.pdf
http://physicspages.com/pdf/Moore/Moore%20Problems%2023.03.pdf
https://en.wikipedia.org/wiki/Schwarzschild_radius
https://en.wikipedia.org/wiki/Event_horizon


Surface Gravity 

1
.

4 2 s

G

M r
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Rotating-Black-Hole Surface Gravity 

2

2 2

1
2 T, where  angular velocity of event horizon,

4

where .

M
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a

r a

  


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     
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Black-Hole Thermodynamics 

Units 

28 30 34 237.426 10 / ; 1.9891 10 ; 1477 ; 1.0546 10 ; 1.3807 10 / . .G m kg M kg GM m J s k J K             

Event-horizon temperature: 
3

8

c
T

kGM
   

 

Entropy:

 2 2 2

2 3
,  where 4 16 , Boltzmann's constant & Planck length.

4
s P

P

kA G
S A r G M k

c
        

So,  
2 33 2 3

2 24
;  Kerr: .

4

sr kckc GM kc
S A S r a

G G

 
        

Hawking Radiation 

Inside the event horizon a particle with mass can have negative energy/ mass:
2

1
GM dt

e
r d

 
  
 

. 

https://en.wikipedia.org/wiki/Surface_gravity
https://en.wikipedia.org/wiki/Surface_gravity#Kerr_solution
https://en.wikipedia.org/wiki/Black-hole_thermodynamics
https://web.stanford.edu/~oas/SI/SRGR/lib/BlackHoleThermoShort.pdf
https://en.wikipedia.org/wiki/Hawking_radiation#cite_note-kumar2012-12


 
Vacuum fluctuations create particle-antiparticle pairs. If one occurs near the event horizon, the negative-energy particle 

can pass through the event horizon and decrease the black-hole’s energy, the decrease radiating away by means of the 

positive-energy particle. Since a photon is its own antiparticle and has zero mass, it is most likely that the particle-

antiparticle pair is two photons. So the black-hole black-body radiation is photons. 

Emitted Thermal Black-Body Radiation 

2 2

1 1
;  Kerr: .

8 4 2 2s

r
T T

GMk r k r a r  


 

 
    
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961.7 10
,  : 60 .

8 8 /

M K
T T M M T nK

kGM kGM M M M 


       

  



Black-Hole Lifetime 

Stefan-Boltzmann Law for energy radiation from a black-body: 

4/ ,  where Stefan-Boltzmann constant.dE dt A T    

So, the mass-loss equation of a black hole is 

 

 

4 4
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4 4
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Universe age = 13.82 x 109 years: 
    

  

9 67 193
min

19 30 11

min

13.82 10 / 1.095 10 1.0807 10

1.0807 10 1.98855 10 kg/ 2.149 10 kg

M M M

M M M





     

     


  

Minimum black-hole radius:   19 19

min min3.0 km, 3.0 km 1.0807 10 3.2421 10 km  SunBlackHoler r r         

Reissner-Nordstrom Metric for a Charged (Q), Non-Spinning Spherical Body of Mass M 
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1 22
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 
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  

 

This reduces to the Schwarzschild metric when 0.Q   

https://en.wikipedia.org/wiki/Reissner%E2%80%93Nordstr%C3%B6m_metric


Kerr Metric for a Spinning Black Hole (J) with a Spherical Event Horizon 
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where 2 2 2 2 2 2

2

2
cos ,  ,  ,   and  spin.s s

GM J
r a r r r a r a J

c Mc
           

This reduces to the Schwarzschild metric when 0.J   

 

Weak-Field Limit of the Kerr Metric 

In Schwarzschild metric throw away terms in a2/r2 and use first term in binomial expansion of grr: 
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2
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.
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Particle Orbits in Kerr Spacetime 

Geodesic equations of motion: 
1

0 .
2

d dx dx dx
g g

d d d d

  

  
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 
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https://en.wikipedia.org/wiki/Kerr_metric


2 2

If : 0 0 ,

If : 0 0 .

As : 1,  and sin :

relativistic energy per unit mass

tt t tt t

t t
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d dt d dt d
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d d d d d
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sin angular-momentum z-component per unit mass.
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Solving: 
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Consider only orbits in the equatorial plane:  
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For a particle of non-zero rest mass: 

2 2 2

1 2 .tt rr t

dt dr d dt d
u u g g g g
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 
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Then 
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a "conservation-of-energy-like" equation.

eff

a e GM eadr GM
E e K V r

d r r r

   
        

    

For 
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“Force-likes” equation: 
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Solve the last two equations numerically, given , ,  and .M a e  

For 

 
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0 : 0 for 2 ,
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d GMae GMae
r GM

dt rR r r GMr a


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 
 a gravitomagnetic deflection. 



 “Dragging of inertial frames.” Outward particle dragged opposite rotation. 

Kepler’s Third Law for Circular Orbits 

Geodesic equation:  
2

2

3/2
0 2  where ; solution: .r tt r t r

dt d GM
g g g

d d GM a r
 
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2 4
2  Kepler's Third Law.  in orbit with/against source rotation

a
T r a
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
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
. 

Innermost stable orbit: 
2 26 3 8 0 6  for 0 the Schwarzschild value.r GMr a a GMr r GM a        

For extreme value :  for co-rotating and 9  for counter-rotating orbit.a GM r GM r GM     

Kerr-Newman Metric for a Charged (Q), Spinning (J) Spherical Body of Mass M 
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where 2 2 2 2 2 2 2

2

2
cos ,  ,  ,   and  spin.s Q s

GM J
r a r r r a r r a J

c Mc
            

This reduces to the Schwarzschild metric when 

0 and 0 and the Kerr metric when Q 0 and the Reissner-Nordstrom metric when 0.J Q J     

  

https://en.wikipedia.org/wiki/Kerr%E2%80%93Newman_metric


Infinite-Redshift Surface/Event Horizon 

Schwarzschild: At 2 : 0 :ttr GM g   clocks at rest there measure zero proper time relative to clocks at infinity. 

There is infinite redshift. Event Horizon: An ingoing particle cannot escape. 

Kerr metric for spinning source: Infinite-redshift surface encloses the event horizon, the ergoregion. 

Proper time: ttd g dt    between events separated by coordinate time dt. 

Kerr black hole has two infinite-redshift surfaces:  
2 2 2cos  for .

J
r GM GM a a GM

M
      

At poles:  
2 2r GM GM a    and at equator: 2 .r GM   

The event horizon is between those two surfaces, so only the outer one has meaning. 

Consider a circular equatorial orbit: angular velocities: 
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Event Horizon:    
2 2 2 2 2 20 2 sin sin .t ttg g g r a GMr R          

On equator:  
22 2 20 2 ,r a GMr r GM GM a        Only the + one has meaning. 

The metric on the event-horizon surface: 
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Its surface area is 8 .A GMr  

 
The event horizon is a sphere only if a=0. 
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Photon sphere: A photon sphere is a spherical region of space where gravity is strong enough that photons are forced to 

travel in orbits. The radius of the photon sphere, which is also the lower bound for any stable orbit, is for a 

Schwarzschild black hole   2 2 20, 0 & 0 :  Schwarzschild metric is 1 / sin 0.sdr ds d r r dt r d        

1 /
.
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sr rd
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   The radial geodesic equation is 
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2 3 2
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For / 2 : 3 / 2 3  for 0.p sr r GM J      

For 0:J  A Kerr (spinning) black hole does not have spherical symmetry, but only an axis of symmetry, which has 

profound consequences for the photon orbits. A circular orbit can only exist in the equatorial plane, and there are two of 

them (prograde and retrograde), with different radii, 
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J  is the angular momentum. There exist other constant-radius orbits, but they have more complicated paths 

which oscillate in latitude about the equator. 

 

 

  

https://en.wikipedia.org/wiki/Photon_sphere
https://en.wikipedia.org/wiki/Kerr_black_hole


Cosmology 

Observable Universe 
Size: 12 Gly, ~1011 galaxies; Galaxies: Average size:  ~50,000 ly, ~1011 stars; Milky Way: Size: 100,000 ly, ~3 x 1011 stars. 

Solar System: Size: ~28,000 ly from Milky-Way center and 20 ly above MW central plane. 

Distance to stars is determined by parallax, Cepheid variables and Type 1a supernovae. 

Supernovae occur in a galaxy about every 300 years. 

Galaxies are receding by Hubble’s Law: v  H0d, where d = distance. H0 =70.41.5 (km/s)/Mpc = [13.90.3 Gy]-1 in GRU. 

Big Bang = t0 = H0
-1 = 13.9 Gy ago. 

Sky black-body temperature = 2.7250.001 K. 

Opaque universe to ~380,000 years after Big Bang. 

Universe is isotropic > 1 part in 100,000 and homogenous. 

Composition of Universe 

 Ordinary matter (protons, neutrons, electrons, etc.):  4.560.16%; density  4 x 10-28 kg/m3 

 Radiation (photons and neutrinos)   0.0084% 

 Non-baryonic dark matter    22.71.4% (cold WIMPs?) 

 Dark Energy      72.81.6% (cosmological constant vacuum energy) 

 

Metric for the Universe 

Three metrics: 

      

 

2 2 2 2 2 2 2 2sin , specifies universe scale.

sin

.
where q  and  is comoving with the expanding universe.

sinh

ds dt a t dr q r d d a t

r
R

R

r r r

r
R

R

       
 

  
 
 

 


 
   

  



Universe History 

 

  



 

 

 



Cosmic Microwave Background (CMB) Fluctuations and Inflation 

 
Isotropic to a few parts in 105 and universe is very nearly flat. 

Inflation 
The isotropy and flatness are explained by early universe rapid exponential expansion (inflation): 

     
8

Vacuum dominated: exp  where  is the time when inflation started.
3

s s sa t a t G t t t 
 

   
 

 

Grand Unified Theories (GUTs): 

 Thermal energy = kT > 1015 GEV ~ 105 J: strong, weak & EM interactions are one. 

 1015 GEV > kT >100 GeV: strong separate from electroweak interaction, a phase change. 

 100 GeV > kT: weak and EM interactions separate, a phase change. 

  



Friedmann--Lemaître-Robertson-Walker Metric 
“Consider a homogeneous, isotropic expanding or contracting universe that is path connected, but not necessarily 

simply connected.” 

 

 

 

2

2

2

2 2

2 2 2

0 0 0

1
0 0 0

1 .

0 0 0

0 0 0 sin

c

a t
krg

a t r

a t r





 
 
 
 
 
 
 
 

 

K = constant representing the curvature of space. 

“This model is sometimes called the Standard Model of modern cosmology.” 

However, see Lambda-CDM model. 

De Sitter Metric 
“de Sitter space is the maximally symmetric vacuum solution of Einstein's field equations with a positive cosmological 

constant (corresponding to a positive vacuum energy density and negative pressure). When n = 4 (3 space dimensions 

plus time), it is a cosmological model for the physical universe; see de Sitter universe.” 

2
2

2

1
2

2

2

2 2
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.0 1 0 0
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r
c

rg

r
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









  
   

  
 

      
 
 
 
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r= is a cosmological horizon. 

Electromagnetism 
In cgs units: 

Four-Potential 

  
1

, ; , .tA A E A B A
c

          

Vector notation 

 
1 4 1

4 , , 0 , 0 .t tE B E j B E B
c c c


             

Lorentz Gauge 

   2 2

2

1 4
0, = , , , .Define:  : .x y z tA j c j j j A j

c c

   




        

https://en.wikipedia.org/wiki/Friedmann%E2%80%93Lema%C3%AEtre%E2%80%93Robertson%E2%80%93Walker_metric
https://en.wikipedia.org/wiki/Lambda-CDM_model
https://en.wikipedia.org/wiki/De_Sitter_space
https://en.wikipedia.org/wiki/Vacuum_solution
https://en.wikipedia.org/wiki/Einstein%27s_field_equations
https://en.wikipedia.org/wiki/Cosmological_constant
https://en.wikipedia.org/wiki/Cosmological_constant
https://en.wikipedia.org/wiki/De_Sitter_universe
https://en.wikipedia.org/wiki/Electromagnetic_four-potential


Tensor notation 

 

 

0 / / /

/ 0
:

/ 0

/ 0

4 4
, , , , 0 .

x y z

x z y

y z x

z y x

x y z

E c E c E c

E c B B
F A A

E c B B

E c B B

F j c j j j F F F
c c

    

       



 


   
 


    
 
 

  

        

 

Stress-Energy Tensor 

Newtonian Gravity 

   2 2, 4 ,  spherical mass : / .g g G M g GM r r            

The Riemann tensor in GR plays a similar role as j k    does in NG.  

0Fluid: stress-energy tensor; i-flux of j-momentum .iju u T T T          

Conservation of fluid’s energy 0 .tT 

     

Perfect fluid (ideal gas) at rest in a LIF: 

0

0

0

0

0 0 0

0 0 0
.

0 0 0

0 0 0

p
T

p

p



 
 
 
 
 
 

 

Arbitrary coordinates:  0 0 0 .T p u u p g       

Conservation Law  0 :T 

   

      0 0 0 0 0 (eq. continuity);  (eq. motion).u p u p u u u u p      

               

Non-relativistic limit: 1, , ,  & .x y zu v v v p       

Continuity:      0 ;  motion: 0 .t tu v u u p u u p
t t

  

  


    

  
             

  
 

GR units:  [energy density] = kg-m2/m2/m3  kg/m3; pressure = kg-m/ m2/m2  kg/ m3. 



 

The sections of the above table in blue and green were not original to Einstein. It is from the Cauchy-stress 
tensor in continuum mechanics(fluid mechanics). What Einstein did was treat the time component(given 
as 0 superscript) as equivalent to the x, y and z components(given as 1, 2, and 3 superscripts) setting the 
stage for the above modified tensor. We will go through and analyze which have been tested and verified 
as contributing to gravitational fields and which have not. 

Energy Density - This actually includes two types of particles: 

Massive and Massless 

Massive particles - have been thoroughly tested as they are the most prevalent form of energy where we 
are located. In fact, so much so that there would be no reason to cite any examples as nearly every 
test of General Relativity has related to massive particles. 

Massless particles - such as gamma rays, photons, light, etc. have not been tested. That is because 
their theorized contribution is usually quite insignificant. 

The other dimensions of the above matrix are also difficult to test and detect: 

Pressure, Shear Stress, and Momentum Density have not been tested, yet, as far as I know. There 
have been proposed tests, however: https://www.researchgate.net/pub... 

Now, one could just as easily modify the source of gravity to be from energy which follows a geodesic only, 
such as mass, stress, and pressure(as opposed to a null geodesic, such as light). This would produce 
indistinguishable results because the energy contribution of non-mass T00 of the tensor is 
considerably negligible( c−2). So there are some fine points which have not been conclusively settled by 
experiment and may open up new and interesting physics. 
Or it may turn out massless particles and other non-massive forms of energy contribute, as well. Only time 
and better experiments will tell. Thank you for reading! 

 

  

https://www.researchgate.net/publication/263886244_The_gravity_of_quantum_pressure_-_A_new_test_of_general_relativity
https://en.wikipedia.org/wiki/Stress%E2%80%93energy_tensor


Electromagnetic Stress-Energy Tensor 
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where S=  Poynting vector and .
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https://en.wikipedia.org/wiki/Electromagnetic_stress%E2%80%93energy_tensor


Gravitational Waves 
Graviational waves far from their source will be very small perturbations of flat spacetime: 

 where  and 1.

 where .

g h h h h

g h h h

     

     





  

  

  
  

Riemann tensor:  
1

 to 1st order in .
2

R h h h h h                       

Einstein eq.: 

 

1
8

2

1
 where  .

2

G R g R GT
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            

      



  

   

               

 

Define:  
1 1 1 1

;  define 1 4 ; .
2 2 2 2

H h h H H h h h h h H H 

            
   

              
   

 

Einstein  eq.: 

2
2 2 2

2
16  where  .H H H H GT

t

         

        


                 


 

Apply a gauge transformation such that 

' 20 Lorentz gauge ;  then Einstein eq.: 16  & 0 .H H GT H   

         

Try a plane-wave solution: 

       , , , cos cos  where constant & , , , .

Wave speed / .

x y zH t z y z A k x A k r t A k k k k

v k

    

  



      

 
 

Requirements: 

 
2 2 2 2 2 2Einstein eq.: 0  & / 1.

Lorentz gauge: 0 & Symmetry: .

For a transverse-traceless (TT) gauge (comoving) transformation: & 0.

Pro

tt xx yy zz

x y z

t t

k k k k k k k k k v k

k A A A

A A A
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  
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 

 

 pagating in the z direction: k ,0,0, .

Only =A A & A = A  are nonzero.

0 0 0 0 0 0 0 0

0 1 0 0 0 0 1 0
:  2 polarizations + (upright) &  (diagonal).

0 0 1 0 0 1 0 0

0 0 0 0 0 0 0 0
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Physical separation of one of the particles from the circle center is: 

 

 

Upright wave (+): 1 cos cos2

Diagonal wave ( ): 1 cos sin 2

s R A t

s R A t

 

 





  

   
 

 

Typical astrophysical sources produce GW with amplitude ~10-20 measured at the Earth. Free particles separated by 1000 

km will oscillate with amplitude of ~10-14 m, about the size of a large atomic nucleus.  Although a 1-kHz wave has an 

intensity of ~30 watts/m2, the interaction is weak. If the Sun were swallowed by a solar-mass black hole the GW 

amplitude would be ~10-8, not noticeable by your body. 

Gravitational-Wave Energy 

The stress-energy tensor T  describe the density of matter and energy excluding energy of the gravitational field, 

which is embedded in the Einstein tensor .G  

  



Gravitomagnetism in Weak-Field Limit 

 2

1
 where & 1;  Lorentz gauge: 0 .

2

1
Einstein Eq.: 16 .

2
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g h h h h h h
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The solution is      
1 1

, 4 , ,  where .
2

i i
src

h t R G T t s r T t s r dV s R r
s

  
 

      
 

  

Assume slow-source 

   0 0 0 0 0 0

0 0 0 0

0, 1, ; , , 0.

1 1 1 1 1
, , , .

2 2 2 2 2

t i i tt ti i ij

tt tt ti ti i ij ij ij

p u u v T p u u p g T T v T

T T T T T v T T

     

       

          



       

   

Then        0 0

1 1
, 2 , & , 4 ,  where J .tt xx yy yy ti it i

src src
h t R h h h G t s r dV h t R h GJ t s r dV v

s s
            

Define gravitational scalar & vector potentials: 01 1 1
& .

2 4 4

i
tt i ti it

G G
src src

G GJ
h dV A h h dV

s s


             

Gravitational Maxwell Equations: , , .G G
G G G G G

A
A E B A

t t

 
     

 
  

Gravitoelectric & gravitomagnetic fields: 

04 , 4 , 0 , 0 .G G
G G G G

E B
E G B GJ B E

t t
  

 
           

 
 

The minus signs in the first two equations are because the gravitational force is always attractive. 

The geodesic equation for low speeds is 

   
2 2

2 2

1
4 .

2

i
ik ik j

k tt k tj j tk G G g

d x d x
h h h V F m m E V B

dt dt
            

The gravitomagnetic force is 4 times the electromagnetic force and the sign of GB  is reversed  a left-hand rule. 



 



 

  



Carter Constant 

 
2

2 2 2 2

2
cos 1

sin

zC p a e 


 
     

 
 Carter Constant, which is a function of three conserved quantities 

,  and .zp e  For the Schwarzschild metric  
2

2
0 .

sin

za C p


    For equatorial motion:   2/ 2 .zC    

Some authors use the symbol  instead of Q C for the Carter Constant. 

Define 2

zL Q    total angular momentum for the Schwarzschild metric  0 .a   That is, for 
2 20 : .x ya Q    

Black Hole Relativistic Jets 

 

“They likely arise from dynamic interactions within accretion disks, whose active processes are commonly 

connected with compact central objects such as black holes, neutron stars or pulsars. One explanation is that 

tangled magnetic fields[2] are organized to aim two diametrically opposing beams away from the central source by 

angles only several degrees wide. (c.>1%.).[3] Jets may also be influenced by a general relativity effect known 

as frame-dragging.” 

“Because of the enormous amount of energy needed to launch a relativistic jet, some jets are possibly powered by 
spinning black holes. However, the frequency of high-energy astrophysical sources with jets suggest combination of 
different mechanisms indirectly identified with the energy within the associated accretion disk and X-ray emissions 
from the generating source. Two early theories have been used to explain how energy can be transferred from a 
black hole into an astrophysical jet: 

 Blandford–Znajek process.[13] This theory explains the extraction of energy from magnetic fields around an 
accretion disk, which are dragged and twisted by the spin of the black hole. Relativistic material is then feasibly 
launched by the tightening of the field lines. 

 Penrose mechanism.[14] Here energy is extracted from a rotating black hole by frame dragging, which was later 
theoretically proven to be able to extract relativistic particle energy and momentum, and subsequently shown to 
be a possible mechanism for jet formation.” 

https://en.wikipedia.org/wiki/Carter_constant
https://en.wikipedia.org/wiki/Astrophysical_jet
https://en.wikipedia.org/wiki/Accretion_disk
https://en.wikipedia.org/wiki/Black_hole
https://en.wikipedia.org/wiki/Neutron_star
https://en.wikipedia.org/wiki/Pulsar
https://en.wikipedia.org/wiki/Astrophysical_jet#cite_note-Morabito-2
https://en.wikipedia.org/wiki/Astrophysical_jet#cite_note-Kundt-3
https://en.wikipedia.org/wiki/Frame-dragging
https://en.wikipedia.org/wiki/Blandford%E2%80%93Znajek_process
https://en.wikipedia.org/wiki/Astrophysical_jet#cite_note-13
https://en.wikipedia.org/wiki/Penrose_process
https://en.wikipedia.org/wiki/Astrophysical_jet#cite_note-14
https://en.wikipedia.org/wiki/Frame_dragging


“Jets may also be observed from spinning neutron stars. An example is pulsar IGR J11014-6103, which has the 
largest jet so far observed in the Milky Way Galaxy whose velocity is estimated at 80% the speed of light. (0.8c.) X-
ray observations have been obtained but there is no detected radio signature or accretion disk. Initially, this pulsar 
was presumed to be rapidly spinning but later measurements indicate the spin rate is only 15.9 Hz.[19][20] Such a slow 
spin rate and lack of accretion material suggest the jet is neither rotation nor accretion powered, though it appears 
aligned with the pulsar rotation axis and perpendicular to the pulsar's true motion.” 
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Appendix: SI & GR Units 
 c = 299,792,458 m/s 

 1 m = 1/299,792,458 s = 3.3564095 x 10-9 s = 3.34 ns 

 1 s = 299.8 m (of time); 1 ms = 299,800 km; 1 s = 299.800 km; 1 min = 17.99 x 10^6 km 

 1 hr = 1.079 x 10^9 km; 1 day = 25.90 x 10^9 km; 1 yr = 9.461 x ao^15 m 

 universe age = 13.7 Gyr = 1.30 x 10^26 m 
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